For a complex polynomial P in a single variable, let H(P) be the maximum of the absolute values of its coefficients. Given nonnegative integers nx and n2 , it is well known that p.(nx , n2) = inf H(PXP2)/(H(PX)H(P2)) > 0 , where the infimum is taken over all such polynomials Px and P2 of degrees nx and n2 respectively. We determine here the exact values of p(\, n) for every n .
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Abstract.
For a complex polynomial P in a single variable, let H(P) be the maximum of the absolute values of its coefficients. Given nonnegative integers nx and n2 , it is well known that p.(nx , n2) = inf H(PXP2)/(H(PX)H(P2)) > 0 , where the infimum is taken over all such polynomials Px and P2 of degrees nx and n2 respectively. We determine here the exact values of p(\, n) for every n .
For a complex polynomial J" in a single variable x let H(P) denote the height of P; that is, the maximum of the absolute values of its coefficients. For nonnegative integers nx and 7/2 we define p(nx, 772) = infH(PXP2)/(H(PX)H(P2)), where the infimum is taken over all polynomials Px and P2 of degrees 771 and 7?2 respectively. It is easy to see, for example by compactness arguments, that p(nx, nf) > 0, and a well-known result of Gelfond [G, p. 139] gives the estimate /*(»,, "2)>2-<"'+^{2/(l +77, +772)}.
The example Px = (x -l)n , P2 = (x + l)n shows that p(n, n) < 2~n(n + 1), and therefore the exponential dependence cannot be avoided in general; see also the more elaborate examples constructed by Gelfond himself in [G, p. 140] . We are concerned here with the exact values of p(nx, 722) • It is trivial that 7(0, 71) = 1 , and it is just an exercise (see, for example, [S] ) to prove that p(l, 1) = ^(V5 -1). Apart from this, not much seems to be known. In the present note we evaluate p(l, n) in simple finite form for all 77. It turns out that this does not depend exponentially on 77. Our result is as follows.
Theorem. For a nonnegative integer n let m be the greatest integer not exceeding j(n + 1). Then (p(l,n))~x = 1+t + ---+ t"\ where t is the unique positive real number satisfying
In particular, if 77 is even we have t = 1, and so p(l, n) = 2/(77 + 2). If 77 is odd it can be shown that p(l, n) <2/(n + 2), but that the difference is at most of order 77 ~3 for large 72.
The proof of the Theorem will occupy several lemmas. From now on we write p = p(l, 77), and in general we suppress the dependence on 77 in our notation. For real t > 0 and any integer k with 0 < k < n we define Ak(t) = 1 +1 + ■ ■ ■ + tk, Bk(t) = r1 + r2 + • • • + r (n~k+X) and Ck(t) = min(Ak(t), Bk(t)).
We further define
Lemma 1. We have p~x < v .
Proof. Fix a complex number z with 0 < \z\ < 1 , and let L denote the polynomial L(x) = x + z. Let also P = P(x) = c0x" -\-\-cn be an arbitrary polynomial of degree 77, and suppose the product LP has height H. Then we have the inequalities \co\<H, \cx +zcq\<H, ... ,\c" +zc"-x\<H, \zc"\ < H.
Solving these from left to right, we find that
where t = \z\. But solving from right to left, we get \ck\<HBk(t) (0<k<n).
and so H(P) < Hv(t) < Hv . Since H(L) = 1, we have shown that
for any L = x + z with 0 < \z\ < 1. The inequality (1) is readily extended to all L of degree 1. First, it holds for L = x by continuity. Next, by considering reciprocal polynomials we deduce it for L = zx + 1 and any z with 0 < |z| < 1 . Finally it follows for arbitrary L by homogeneity. The resulting extended inequality (1) says that p > v~x or p~x < v as desired. This proves the present lemma.
Lemma 2. Let k bean integer with 0 < k <n . Then the equation Ak(t) = Bk(t) has a unique positive real root t = tk . Further if n = 2m is even we have 0<tn< 7"_i <■■■ <tm=l < tm-x <■■■ <t0, while if n = 2m -I is odd then 0<tn <7"_! < ■■■<tm < 1 <7m_, <---<70-Proof. The existence of tk is clear, for example, from Descartes Rule of Signs. The same rule also gives uniqueness, or we could simply appeal to the fact, used often in this note, that Ak(t) -Bk(t) is increasing in t. Also from which it follows that t"_k = 77/' . Taking k = m we find that tm = 1 for even 77 and tmtm-X = 1 for odd 77. But also Lemma 3. Defining ak = Ak(tk) (0 < k < n) we have v = maxm<A:<" ak . Proof. We consider even n = 2m first. The interval / = (0, 1] then breaks into the intervals
where
Now fix // with m < h < n, and also t in If,. For any k with 0 < k < h we have t <tn <tk and consequently Ak(t) < Bk(t). So Ck(t) = Ak(t) (0<k<h).
On the other hand, for any k with h + 1 < k < n we have t > th+x > tk , so Ck(t) = Bk(t) (h+l<k<n).
Thus vh = supmax{.4o(0> ... , Ah(t), Bh+X(t), ... , Bn(t)} teh = supmax(Ah(t), Bh+X(t)).
teih But since An is increasing, Bh+X is decreasing, and In = [th+x, tf,], it is easy to see that this last expression is max(Af,(tf1), Bn+X(tf,+X)). Therefore (4) vh = max(ah, an+x) (m < h < n).
The same arguments with h = n give
without extra difficulty. Now (2), (4), and (5) establish the present lemma when 77 is even. The proof for odd n = 2m-I is similar. Then I splits into I", ... , Im as above together with fm_i = [tm, 1], and so (6) v = max vn m-\<h<n with vh still defined by (3). If m < h < n we obtain (4) and (5) without changes. For 77 = 777 -1, t in fw_i, and 0 < k < m -1 we have t < 1 < tk , and so Ck(t) = Ak(t) (0</c< 777-I); while for rn < Ac < 77 we have t > tm > tk and so
Ck(t) = Bk(t) (m<k<n).
Thus vm-i= sup max{A0(t), ... ,Am-X(t),Bm(t), ... ,Bn(t)} t€lm-t = sup max(Am_x(t),Bm(t)) = max(Am-.x(l),Bm(tm)).
/e/"_i Nowam = 73m(g>73m(l) = 4_1(l) so (7) vm-X = am.
Finally (6), (4), (5), and (7) establish the present lemma when 77 is odd, and this completes the proof. To prove the Theorem we must show that the right-hand side of (8) is am . This requires some rather tedious calculations.
Lemma 5. For an integer k with 0 < k < n and real t with 0 < t < 1 we have Ak(t) = ak(t)+s/k(t), Bk(t) = bk(t) + &k(t), where ak(t) = k + 1 + \k(k + l)(t -l)+ xzk(k + l)(k -l)(t -I)2,
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use bk(t) = n-k + l-±(n-k + l)(n-k + 2)(t -1) + l(n-k+l)(n-k + 2)(n -k + 3)(t -I)2, and Wk(t)\ < hktt -1|3, m(t)\ < ±r("-k+V(n -k + 3)4|7 -1|3.
Proof. Clearly ak(t) consists of the first three terms in the Taylor expansion of Ak(t) = {(l+s)k+x-l}/s (5 = 7-1) about t = 1. It follows that^( 7) = i4"(t)(7-l)3
for some t between t and 1. Also I4"(t)| < 4"(i) = \k(k + i)(k-i)(k -2) < \kA, which yields the required estimate for srfk(f).
The proof for
is similar, except that now
The present lemma is thus established. Then tm+x < w , so that am+l = ^m+l(^m+l) < Am+X(w) < m + 1 = am and our present lemma follows. For m = 1, 2, ... , 9 we verify (9) by direct calculation, the values of w being 0. 6,0.8,0.88,0.925,0.945,0.96,0.97,0.976,0.9805 respectively. For rn > 10 we will show that (9) holds with w = I -2m~2 + 4/rz-3.
This can also be checked directly for 777 < 19, so we shall henceforth suppose rn > 20. First, we find that am+x(w) = m + l -\m~x + ^m~2 + \m~* + ^m~5
and Wn+\{w)\ < Um + l)4(2m-2)3 < m~2. It follows easily that and also (11) Am+X(w) > 777+ 1 -\m~x.
Next, we have bm+x(w) = m+ I -\m~x -\m~2 -4m-3 + fra-4 + ^m~5 and \&m+i(w)\ < ^w-{m+3\m + 2)4(2m"2)3 < m~2.
Thus
Bm+X(w) = bm+x(w) + &m+x(w) < 777+ 1 -\m~x.
Comparing this with (11) and recalling (10), we see that the present lemma is proved for even 77. For odd n = 2m -1 we prove it in a similar fashion by exhibiting positive real u, v with
In fact the choices (u,v) = (0.8, 0.6) and (0.9, 0.8) work for m = 2 and 3 respectively, while the choice
works for all 777 > 4. We find that, up to terms of order m~2, the expressions in (12) are 777 + \ + \m~x, tn + j -\m~x, m + \ -m~x, m + 1 -2t?7_1 respectively, so the inequalities in (12) are somewhat looser than those in (9). The details of the calculation can safely be left to the reader and his computer, and so we will regard the present lemma as completely proved.
Lemma 7. For any integer k with m < k < n we have ak <am. Proof. If 77 < 3 then m < k < n implies k = m or m + 1, so the result follows from Lemma 6. Thus we can suppose n > 4. Now when 7^/1 we have
where t = tk satisfies (14) T"+2-2r"-fc+1 +1 =0.
Calculating xk from (14) and substituting it into (13), we find that (15) <*k=f(tk), where f(t) is the continuous function for 7 > 0 defined by /(7) = (l-7"+2)/{(l-7)(l+("+2)}.
Also (15) can be checked directly when tk = 1 . If the present lemma is false, then there exists k with m < k < n and ak > am . By Lemma 6, we have k > m + 2, and the inequalities ak > am+x < am read /('*) >/(Wi)</(*«)• Since 0 < tk < tm+x < tm < 1 , this implies that the function f(t) has a local minimum at some x' with 0 < x' < 1 . Now it is readily verified by differentiation that the critical points of /(/) for / > 0 satisfy 72"+4 -(2/7 + 4)7"+2 + (27/ + 4)/"+1 -1=0.
This equation has a double root at 7=1, and Descartes Rule shows that there is exactly one more positive root; this must therefore be x'. Also fi'(l) = -\(n + 2) ^ 0, and so the local minimum x' is the only critical point of /(/) for t > 0. But since f(t) > 0 for t > 0 and f(t) -»0 as t -> oo, this is not possible. This contradiction proves the present lemma.
Our Theorem is now an immediate consequence of (8) and Lemma 7.
